We construct a variational wave function for inhomogeneous weakly interacting Bose-Einstein condensates beyond the mean-field approximation by incorporating 3/2-body correlations. From our numerical results calculated for a system trapped by a one-dimensional harmonic oscillator, the 3/2-body correlations give a contribution comparable to the meanfield energy toward lowering the ground-state energy.
Introduction
Bose-Einstein condensates (BECs) in dilute atomic gases are created by cooling identical Bose particles in a magnetic trap. 1) They provide unique macroscopic quantum phenomena, such as quantized vortices [2] [3] [4] [5] [6] and interference effects of two BECs. [7] [8] [9] In particular, a competition between interparticle interactions and inhomogeneity, which originates from trap potentials or vortices, should be considered when constructing ground states of inhomogeneous systems. In this context, the Gross-Pitaevskii equation 10, 11) has been used extensively for describing the behaviors of interacting condensates. From the microscopic viewpoint, on the other hand, noncondensates also exist even in the ground state because of the interparticle interactions. Therefore, noncondensates as well as condensates should be incorporated to describe the interacting systems adequately.
Girardeau and Arnowitt 12) constructed a variational ground state with noncondensed particles for homogeneous systems. They incorporated 2-body interactions between two noncondensed particles given by NC + NC ↔ NC + NC using the mean-field approximation, where NC denotes a noncondensed particle. Recently, better variational wave functions for single-component 13) and multicomponent 14) systems have been constructed beyond the mean-field approximation by incorporating the dynamical 3/2-body correlations C + NC ↔ NC + NC, where C denotes a condensed particle. As shown in Refs. 13 and 14, 3/2-body correlations play the role of decreasing the ground-state energy, and their contributions are comparable to the mean-field contributions.
In this paper, we extend these previous studies to inhomogeneous systems to describe the competition between interaction effects and inhomogeneity beyond the mean-field treatment. Specifically, we construct a variational wave function for weakly interacting inhomogeneous systems and apply the formulation to a system trapped in a one-dimensional (1D) harmonic potential. We show that the 3/2-body correlations cause a substantial decrease in the ground-state energy, similarly to in Refs. 13 and 14. This paper is organized as follows. In Sect. 2, we outline the method of constructing the variational wave function including many-body effects. In section 3, we outline the numerical procedures and presents results. In section 4, we summarize the paper.
Formulation
We consider identical Bose particles with mass m and spin 0 trapped in an external potential V(r). The Hamiltonian is given bŷ
whereψ is the boson field operator,K 1 is defined asK 1 ≡ p 2 1 /2m + V(r 1 ) in terms of the momentum operatorp, and U(|r − r ′ |) is an interaction potential. We expandψ(r) in basis functions ϕ q (r) ≡ r|q , which are distinguished by a set of quantum numbers q and satisfy orthonormality q|q ′ = δ′ and completeness q |q q| = 1, asψ
where |q = 0 (|q 0 ) denotes the one-particle state of condensates (noncondensates) andψ c (r) ≡ĉ 0 ϕ 0 (r) [ψ nc (r) ≡ q 0ĉq ϕ q (r)] denotes the field operator for condensates (noncondensates).
Using (ĉ q ,ĉ † q ), Eq. (1) is transformed tô
with
(r 2 )ϕ q 3 (r 2 )ϕ q 4 (r 1 ).
Our aim is to construct the ground-state wave function of Eq. (3) with Eqs. (4a) and (4b) that describes the weakly interacting inhomogeneous BEC characterized by an external potential V(r). To carry this out, we classifyĤ according to the number of noncondensed states involved aŝ
and obey (β † 0 )
The latter approximation for ν ≪ N is almost exact in the weak-coupling regime where the ground state is composed of the kets |n 0 with n = O(N).
As a first step to construct the ground state of an inhomogeneous BEC, we give an inhomogeneous extension of the Girardeau-Arnowitt wave function 12) (GA wave function). First, we define the pair-correlation function aŝ
where φ′ = φ q ′ q is a variational parameter that characterizes the pair excitation of particles q and q ′ from condensates. Usingπ † , we introduce the ground-state wave function as
where [N/2] denotes the largest integer that does not exceed N/2 and A GA is a normalization constant determined by
|Φ GA is the vacuum state characterized byγ q |Φ GA = 0, whereγ q is the number-conserving quasiparticle operator defined asγ
Here, we require that (γ † q ,γ q ) obey the Bose commutator relation. In this case, matrices u ≡ (u q 1 q 2 ) and v ≡ (v q 1 q 2 ) are given in terms of φ ≡ (φ q 1 q 2 ) and the unit matrix 1 ≡ (δ q 1 q 2 ) by
Therefore, they satisfy
where T denotes the transposition of a matrix. The third and fourth relations are summarized as the following matrix form:
Using Eq. (14), (ĉ q ,ĉ † q ) are also expressible in terms of (γ q ,γ † q ) as follows:
Note that |Φ GA only includes pair processes via φ, meaning that it has no contributions fromĤ |Φ GA = 0. To incorporate 3/2-body correlations, we need to characterize them by introducing the corresponding variational parameters as outlined below.
Next, we improve |Φ GA so thatĤ 3 2 yields finite contributions to lower the variational ground-state energy further. The ground state with a new operator may be introduced as
where w q 1 q 2 q 3 is a variational parameter characterized by 3/2-body correlations satisfyingP q 1 q 2 q 3 w q 1 q 2 q 3 = w q 1 q 2 q 3 for any permutationP with three elements (q 1 , q 2 , q 3 ) and A 3 is the normalization constant expressed as
Here, we omit the higher-order terms O |w| 4 in the present weak-coupling consideration. In this case, we obtain
Note that Φ|γ † q 1γ q 2γ q 3 |Φ , Φ|γ q 1γ q 2 |Φ , and their complex conjugates are neglected since they are all higher-order con-tributions. In addition, we have Φ|Ĥ 1 2 |Φ = 0. On the basis of |Φ , we obtain expressions for the groundstate energy and self-consistent equations embodying energyminimum conditions. To express the ground-state energy explicitly, we define the following quantities:
where
and we approximate
where N 0 denotes the number of condensed particles. Therefore, we obtain an expression for the ground-state energy E ≡ Φ|Ĥ |Φ as
where C.C. denotes complex conjugate and we use the decomposition as
In principle, the stationary condition δE = 0 gives selfconsistent equations for φ q 1 q 2 and w q 1 q 2 q 3 . However, the explicit expression for δE/δφ * q a q b is difficult to obtain unlike the case of homogeneous systems. This is because u q 1 q 2 and v q 1 q 2 are expressed by φ q 1 q 2 as given in Eq. (12) , which includes the square root of inverse matrices and is too complicated to perform variational calculations. For this reason, we introduce a potential Ω and consider the conditions equivalent to δE/δφ * q a q b = δE/δw * q a q b q c = 0 on the basis of Lagrange multipliers. Here, we introduce Ω as
where µ and λ q 1 q 2 are Lagrange multipliers whose variational conditions give the following constraint conditions:
Minimizing Ω instead of E corresponds to changing the independent variational parameters from (φ
. Now, we carry out the following variational calculations:
U 00;q 1 q 2 F q 1 q 2 + C.C. 
where we define the following quantities: 
Our theory is based on the premise that we can obtain a set of appropriate one-particle states, that satisfy orthonormality and completeness. However, we need to consider the real-space deformation of ϕ q (r) due to the interaction between particles when we carry out numerical calculations. Although it is difficult to consider it completely, we can discuss the deformation effect focusing only on a condensate wave function. The deformation can be considered on the basis of the following Gross-Pitaevskii equation including 3/2-body correlations, which is obtained by δΩ/δϕ * 0 (r) = 0:
where we define the following self-consistent conditions:
By solving Eq. (29) with the self-consistent conditions, we obtain ϕ 0 (r) deformed by interactions between particles. However, the Gross-Pitaevskii equation does not guarantee the orthogonality of one-particle states, i.e., it is necessary to check the condition 0|q = δ 0q for q > 0. To evaluate all the contributions from |q strictly and appropriately, we need to obtain ϕ 0 (r) and ϕ q (r) self-consistently with a constraint condition q|q ′ = δ′ . Although it remains as a future technical task, ϕ q (r) may be obtained from the stationary condition δΩ/δϕ * q (r) = 0 in the same manner as ϕ 0 (r). This formulation can be applied to the homogeneous BEC 13) by changing the subscript as q → k and the basis function as ϕ q (r) → e ik·r / √ V, where k denotes the wave number of a particle. In this case, the basic matrix elements are given by
with φ k = φ −k and
3. Application to a System Trapped by a OneDimensional Harmonic Oscillator
As one of the simplest numerical examples, we consider a 1D system (r → z) trapped by a harmonic oscillator V(z) = mω 2 z 2 /2 with a short-range contact potential written as U(|z a − z b |) = gδ(z a − z b ). Using the potential, we transform Eq. (29) into
where X(r) = X(r, r) (X = Σ, ∆, and F) and W(r) = W(r, r, r).
In the following calculation, we set the units of energy ε ω = ω/2 and length l ω = ( /mω) 1 2 . We point out that it is crucial to choose an appropriate |q that corresponds to the external potential considered in the present formulation. In the limit g → 0, the condensate wave function ϕ 0 (r) becomes a Gaussian. On the other hand, ϕ 0 (r) deforms due to the nonlinear term of the Gross-Pitaevskii equation when we set a larger g, such as in the case of a Thomas-Fermi BEC. 16) With these considerations, we propose two approximations in the weak-coupling region as follows: (i) : |q ≃ |n for all n ≥ 0, (ii) : r|0 = ϕ GP 0 (r) and |q ≃ |n for n > 0, where ϕ GP 0 (r) represents the solution of Eq. (33); integer n ≤ n cut is a quantum number that characterizes the energy levels of a harmonic oscillator and n cut is the cutoff energy level. On the basis of the approximation, ϕ n (z) = z|n is given as
where H n denotes the nth Hermite polynomial. Hence, we obtain K n 1 n 2 and U n 1 n 2 ;n 3 n 4 as
where l cut is the cutoff length for numerical calculations.
To carry out the numerical calculations, we introduce the external parameter (coupling constant) as
This parameter denotes the ratio of the scales for the correlation of particles and the harmonic oscillator potential. In this work, we carry out the numerical calculations for N = 1000 and α ∼ 1.0 × 10 −3 , where the BEC has an approximately Gaussian profile. 17) In addition, we neglect the O(|W| 2 ) terms in the self-consistent conditions because they give only a small correction to the ground-state wave function in the weak-coupling regime. We choose n cut = 40 (ε n cut = 81ε ω ) and l cut = 10l ω (mωl 2 ω /2 = 100ε ω ∼ ε n cut ) for the numerical calculations. We start the initial self-consistent calculation by substituting the trivial solutions for g = 0 and renew the solutions one after another while mixing the old and new solutions with the weight ratio of 80 : 20. Now, we discuss the numerical results. First, we show the ground-state energy E σ (σ = 0, 1, 3/2, 2) to explain the respective energy scales in Tables I and II . From these tables, we see that
|/|E 2 | seems to increase monotonically as a function of α so that the 3/2-body correlation may be dominant in the relatively strong coupling system, such as the Thomas-Fermi BEC regime. Comparing Tables I and II, we find that approximation (ii) yields lower total ground-state energies than approximation (i) because the deformation of the condensate wave function also lowers the ground-state energy. Hence, one might conclude that (ii) is better than (i). However, (ii) appears to break the orthogonality relation, i.e., 0|n δ 0n for n > 0. To evaluate the ground-state energies more quantitatively, setting appropriate one-particle states with orthogonality relations remains a future task.
Incorporating more variational parameters in the theory is expected to yield a better estimate for the ground-state energy. To see this explicitly, we perform our variational calculations on the basis of the following ground states:
(1) |Φ GP : We set φ n 1 n 2 = w n 1 n 2 n 3 = 0.
(2) |Φ Bog : We obtain φ n 1 n 2 while fixing ρ n 1 n 2 = F n 1 n 2 = w n 1 n 2 n 3 = 0.
(3) |Φ HFB : We set λ n 1 n 2 = E n 1 δ n 1 n 2 and w n 1 n 2 n 3 = 0. This is equivalent to the problem of diagonalizing the effective Hamiltonian called HFB theory.
18) (4) |Φ GA : All the variational parameters except w n 1 n 2 n 3 are calculated self-consistently. The ground state is equivalent to the GA wave function.
(5) |Φ : All the variational parameters are calculated selfconsistently.
Using the ground states, we evaluate the energy differences defined by From Tables III and IV, we subsequently see the relation Φ|Ĥ |Φ < Φ GA |Ĥ |Φ GA < Φ HFB |Ĥ |Φ HFB < Φ Bog |Ĥ |Φ Bog < Φ GP |Ĥ |Φ GP ; thus, |Φ seems to be the best solution in terms of constructing the variational wave function. The reason why |Φ GA gives lower energy than |Φ HFB is traced back to the difference in the manner of setting λ, i.e., the difference between u u
In the latter case, the quasiparticles do not satisfy the Bose commutator relations because the condition for the off-diagonal parts of (u u † − v v † ) is not considered to be appropriate. In contrast, |Φ GA with u and v satisfying all the conditions of Eq. (13) gives a lower groundstate energy than |Φ HFB . Thus, the appropriate consideration for commutator relations of quasiparticles is indispensable for obtaining the lower ground-state energy.
In addition, |∆E IV | is roughly 100 − 1000 times larger than |∆E II |. This result indicates that the 3/2-body correlations contribute to the decrease in the ground-state energies more than the 2-body correlations. These results agree with the results of homogeneous systems. 13, 14) Therefore, the mean-field approximation for inhomogeneous BECs characterized by the discretized energy levels may not be effective quantitatively even in the weak-coupling region, similarly to the homoge- neous systems. Finally, we discuss what is qualitatively peculiar to the trapped systems concerning the 3/2-body processes on the ground state around α ∼ 1.0 × 10 −3 . To do this, we introduce the energy density as
where i = 3 2 or 2. Using this quantity, we can present a local discussion of the correlation energy of inhomogeneous systems. Figure. 1 shows the spatial dependence of energy densities η 3 2 (z), η 2 (z), and η 3 2 (z) + η 2 (z) for α = 2.5 × 10 −3 within approximation (i). As shown in the figure, both η 3 2 (z) < 0 and η 2 (z) > 0 have large off-center peaks around z ∼ 0.9l ω . Consequently, η 3 2 (z)+η 2 (z) < η 2 (z) becomes more spatially homogeneous than η 2 (z). Assuming E 3 2 + E 2 is the effective correlation energy, the 3/2-body correlations play the roles of (1) suppressing the effective correlation energy and (2) shaping the effective correlation-energy density more homogeneously. Note that approximation (ii) qualitatively yields the same result as (i).
Summary and Conclusion
We have constructed the variational wave function for an inhomogeneous BEC including not only the mean-field 2-body correlations but also the 3/2-body correlations beyond the mean-field approximation. Using the variational wave function, we have carried out a numerical calculation to evaluate the ground-state energy of a 1D BEC trapped by a harmonic oscillator. Our numerical result shows that 3/2-body correlations decrease the ground-state energies even in a trapped system characterized by the discretized energy level, and their contributions are comparable to those of 2-body correlations, which agree with the results of homogeneous cases. 13, 14) Therefore, when we consider the contributions from noncondensates, self-consistent mean-field approximations may not be valid in BEC systems and 3/2-body correlations should be incorporated. This wave function is expected to give physical pictures beyond mean-field contributions in inhomogeneous systems more microscopically.
